Abstract. The main objective of this paper is to introduce a new extension of HurwitzLerch Zeta function in terms of extended beta function. We then investigate its important properties such as integral representations, differential formulas, Mellin transform and certain generating relations. Also, some important special cases of the main results are pointed out.
Introduction
The Hurwitz-Lerch Zeta function and its integral representation are respectively defined by (see e.g., [8] pp. 27, [20] , pp. 121 and [21] , pp. 194) as Φ(z, σ, a) = Various generalization and extensions of the Hurwitz-Lerch Zeta function Φ(z, σ, a) have been studied by various researchers (see [3, [7] [8] [9] . Goyal and Laddha [11] Garg et al. [10] defined an extension of (1.1) and (1.3) and its integral representation as;
An interesting extension of Hurwitz-Lerch Zeta function and its integral representation are found in [18] as
, σ ∈ C when |z| < 1, ℜ(σ + υ − γ − ϑ) > 1 when |z| = 1 and B(x, y; p) is the extended beta function is defined by [4] as
where
, and F p is the extended hypergeometric function (see [5] ). Very recently Shadab et al. [22] introduced a new and modified extension of beta function as: 10) where ℜ(x) > 0, ℜ(y) > 0 and E λ . is Mittag-Leffler function defined by
Obviously, when λ = 1 then B 1 p (x, y) = B p (x, y) is the extended beta function (see [4] ). Similarly, when when λ = 1 and p = 0, then B 1 0 (x, y) = B 0 (x, y) is the classical beta function.
The extended hypergeometric function and its integral representation due to [22] is defined by
where p, λ ≥ 0, σ 1 , σ 2 , σ 3 ∈ C and |z| < 1. Many more generalizations and extensions on may be referred to the recent research papers (see [1, 2, 6, 12-14, 16, 17, 19] 
Extension of Hurwitz-Lerch Zeta function and its properties
In this section, we introduce a new extension of Hurwitz-Lerch Zeta function in term of extended beta function (1.10).
Remark 2.1. The following special cases can be derived from extension of Hurwitz-Lerch Zeta function Φ γ,ϑ;υ (z, σ, a; p, λ) defined in (2.1).
Case 1.
If we consider γ = 1, then (2.1) will lead to another extension of generalized Hurwitz-Lerch Zeta function Φ 1,1 ϑ;υ (z, σ, a; p, λ) introduced earlier by Lin and Srivastava [15] with ρ = σ = 1.
Case 2. If we set γ = υ = 1 in (2.1), then we get a new extension of Hurwitz-Lerch Zeta function Φ * ϑ (z, σ, a; p, λ) which is the extension of the function defined by Goyal and Laddha [11] as:
(ii) if λ = 1 and p = 0 then (2.1) gives (1.5).
(iii) if λ = γ = υ = 1 and p = 0 then (2.1) turns to (1.3).
(iv) if λ = γ = ϑ = υ = 1 and p = 0 then (2.1) reduces to (1.1).
Integral representations and derivative formulas
In this section, we define varieties of integrals and a derivative formula for (2.1).
Theorem 3.1. The following integral representation holds true:
Proof. Using the following Euler integral formula:
where min{ℜ(σ), ℜ(a)} > 0; n ∈ N 0 in (2.1), we have
Interchanging the order of summation and integration under the condition stated in Theorem 3.1, we get
by using (1.12) we arrived the desired result.
Theorem 3.2. The following integral representation holds true:
and
provided that both the integrals converges.
Proof. Consider the following integral representation of extended beta function (see [22] )
Substituting σ 1 = ϑ + n and σ 2 = υ − ϑ in (3.6), we have
Using (3.7) in (2.1), we have
In view of (1.3), we get the required result (3.4). Now, from (3.1) and (3.8), we have Φ γ,ϑ;υ (z, σ, a; p, λ)
By using the binomial expansion
we get the desired result. Proof. The integral representation of Pochhammer symbol (γ) n given in [21] as
The use of (3.12) in (2.1) and interchanging the order of summation and integration under the condition of Theorem 3.3, we have
Now, by using (2.4), we get the desired proof.
Next, we derive a derivative formula of Φ γ,ϑ;υ (z, σ, a; p, λ).
Theorem 3.4. The following formula holds true
Proof. Differentiation of (2.1) with respect to z yields
Replacing n by n + 1 and applying the following well known identities
in the right hand side of (3.15), we have
Again, differentiating (3.16) with respect to z, we obtain
Continuing up to n-times gives the required proof.
Mellin Transformation and generating relations
In this section, we derive Mellin transformation and some generating relations for (2.1). Here, we recall the following well-known Mellin transform of integrable function as:
Theorem 4.1. The Mellin transform of the extended Hurwitz-Lerch Zeta function is given by
(ℜ(r) > 0 and ℜ(ϑ + r) > 0).
Proof. The Mellin Transformation of (2.1) is given by:
σ, a; p, λ)dp
Interchanging the order of integrations in (4.3), we have
The second integrand in (4.4) becomes For γ = δ = 1 and w = 1, (4.6) becomes
Using (4.7) in (4.5), we have
Thus by using (4.8) and the following Euler's reflection formula of Gamma function 9) in (4.4), we get the desired result.
Remark 4.1. The special case of (2.1) for r = 1 gives the following integral representation ∞ 0 Φ γ,ϑ;υ (z, σ, a; p, λ)dp = π sin(π)
Next, we derive the generating function for the extended Hurwitz-Lerch Zeta function defined by (2.1).
Theorem 4.2. The following generating function for Φ γ,ϑ;υ (z, σ, a; p, λ) holds true:
(p ≥ 0 , λ > 0, γ , ϑ , υ ∈ C and |t| < 1).
Proof. Let the left hand side of (4.11) be denoted by L, the from (2.1), we have
Interchanging the order of summations and using the identity (γ)
Now, using the following binomial expansion
and interpreting in term of (2.1) as a function of the form Φ γ+n,ϑ;υ ( z 1−t , σ, a; p, λ), which completes the proof of Theorem (4.2). (σ) n n! Φ γ,ϑ;υ (z, σ + n, a; p, λ)t n = Φ γ,ϑ;υ (z, σ, a − t; p, λ) (4.14)
(p ≥ 0 , λ > 0, γ , ϑ , υ ∈ C and |t| < a; σ = 1).
Proof. Applying (2.1) to the right hand side of (4.14), we have Φ γ,ϑ;υ (z, σ, a − t; p, λ) = By making the use of (2.1), we get the desired result.
Concluding Remark
In this paper, we established a new extension of extended Hurwitz-Lerch Zeta functions which are earlier studied by many researchers cited therein literature. If we consider λ = 1, then the results established here will reduce to the results studied by Parmar et al. [18] . Silmilarly, if we consider λ = 1 and p = 0 then the result will reduce to the work of Garg et al. [10] .
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